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A multiparametric approximation theory via certain inequalities of Jackson and
Bernstein type is developed. An approximation space is defined and it is shown that
it is actually an interpolation space among 2¢ Banach spaces. As applications,
direct and converse approximation theorems in function spaces with a dominant
mixed derivative are given.

INTRODUCTION

The close connection existing between classical approximation theory and
the theory of interpolation spaces is well known. The possibility of applying
interpolation techniques to approximation theory was first indicated by
Peetre [16]. In that paper Peetre gave an abstract approximation theory via
certain approximation spaces and showed that these spaces are actually
interpolation spaces. He also gave applications to the approximation of
functions in Sobolev spaces by entire functions of exponential type. Since
then, the theory of interpolation spaces has been applied in approximation
theory by several authors. (See for instance Butzer [4], Berg and Lofstrom
[3] and the references quoted in these works.)

The study of interpolation spaces has hitherto been restricted mainly to
couples of Banach spaces. However, real methods of interpolation for several
Banach spaces, in the sense of Lions and Peetre |10] and Peetre |16, have
been studied by Johnen [9], Yoshikawa [18] and Sparr [17]. Johnen [9} not
only introduced an interpolation theory but also gave applications to approx-
imation theory. All of these authors concerned themselves with d 4 1 spaces
and d parameters. On the other hand, Fernandez [5] has introduced an inter-
polation theory for 2¢ Banach spaces and d parameters. This approach is
useful for application to, e.g., multiparametric approximation theory.

Following Peetre [16] we shall here formulate a d-parametric approx-
imation theory in normed spaces. This will be done, as in [16], via certain
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approximation spaces which are actually interpolation spaces of 2 Banach
spaces. As applications we derive direct and converse theorems on the
approximation of functions in function spaces with a dominant mixed
derivative, by entire functions of exponential type. These theorems permit us
to recover as a consequence some results by Nikol’skii {see Nikol’skii |13],
Lizorkin and Nikol’skii [12] and Amanov {1}]).

1. INTERPOLATION OF 2¢ BANACH SPACES

We shall here give a summary of facts on the theory of interpolation of 2¢
Banach spaces that shall be needed in the following. For the proofs see
Fernandez [5].

1.1. Generalities on Interpolation for 2¢ Banach Spaces

L.I.L. The set of k=(k,...k,)E R such that ;=0 or 1 will be
denoted by 0. We have O = {0, 1} when d = 1, and O = {(0, 0), (1, 0), (0, 1),
(1, 1)} when d = 2. The families of objects we shall consider will depend on
indices in (3.

1.1.2. We shall consider families of 27 Banach spaces E = (E, | k € O)
embedded, algebraically and continuously, in one and the same linear
Hausdorff space V. Such a family will be called an admissible family of
Banach spaces (in V).

LLI.3. If E=(E,|k€) is an admissible family of Banach spaces, the
linear hull ZE and the intersection ME are defined in the usual way. They
are Banach spaces under the norms

(1) || x|fg; = inf{Z, “kaF,k |x=2,x;x,€E kel
and
) [l = max{|l x|}, |k €O}

The spaces NE and £E are continuously embedded in V.
1.1.4. A Banach space E which satisfies

(N NEcEcXE

will be called an intermediate space (with respect to [). (Hereafter — will
denote a continuous embedding).
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1.2. The Intermediate Spaces (E, | k € O)g..x

1.2.1. Let E=(E,|k€0O) be an admissible family of Banach spaces;
for x € XE and t = (¢,,..., £;) > 0 we set

(1) K(t5x)=K(t %3 ) = nf{Z, 1 [ xg g, | X = Zexer %4 € Eyr k €T}
(as usual t5 =% ... ko),

Now, assume 0 < O = (4,,...,0,) < 1 and 1 < @ =(g,,..., g,;) < 0.

1.2.2. DEFINITION.  We define (E, |k €)g.4. to be the space of all
elements x € LE for which

(1) 1=8K(t; x) E LS.

Here L% stands for the L2 spaces with mixed norms of Benedek and
Panzone |2] with respect to the measure d, ¢ =dt/t =dt /1, --- dt,/t,.

1.2.3. PrROPOSITION. The spaces (E,|k &€ O)g.o.x are Banach spaces
under the norms

(1) Ix/lg:0u = I~ °K(t; x)| LY.

Furthermore, the spaces (E,|k € 0O)g.q.x are intermediate spaces with
respect ta t, i.e.,

(2) r\[EC(EIJkED)@;Q;KCEE'

1.3. The Intermediate Spaces (E, | k € O)g.,.,

1.3.1. Let E=(E,|k€0O) be an admissible family of Banach spaces.
For x€NE and ¢ = (¢,,..., £;) > 0 we get

(D) J(t; x) = J(t; x; E) = max{t* | x|, | k € O}
Again, assume 0 < @ = (6,.....0,) <l and 1 < Q= (g,,.... 94) < 0.

1.3.2. DEriNITION.  We define (E, |k € O)g.,., to be the space of all
elements x € ZE for which there exists a strongly measurable function
u: R% —» ME such that

ey x=[ u@d«t  (n IF),

and

(2) t7 O8It u(t)) € LY.
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1.3.3. ProposiTION. The spaces (E,|k € 0)g.,., are Banach spaces
under the norms

(1) ¢ llo,g. = inf {ll¢~OJ( u()l ol x = JW u(t)d !

Furthermore, the spaces (E, | k € D)g.,., are intermediate with respect to &,
e.g.,

@) NE < (E, | k € D)gyg,, < .

We shall say the spaces (E,|k€0)g.,. and (E, |k €U, are
generated by the K- and the J-methods, respectively.

1.4. The Identity between (E, |k € O)g.4.x and (E, |k €D)g.4.,

The following result gives a connection between the spaces generated by
the K- and the J-method, and states that these methods are actually
equivalent,

1.4.1. PropoSITION. If 0<O=(0,,....0,) <1 and 1<Q=(q,+.qy) <©
we have

(1) (Exl k€)oo =(Ex k€ Dgigix-

When we have no need to specify which interpolation method has
generated the intermediate space we shall write simply (E, |k € O)g.,.

1.5. The Reiteration Theorem

One of the central results in the theory of interpolation spaces is the
reiteration or stability theorem. In order to state it we need some
preliminaries.

1.5.1. DeFINITION.  Let 0 < @ = (6,,..., 0,) < 1. We say an intermediate
space E with respect to £ = (E, | k € O) belongs to the class

)] K(O;F) iff K(t;x; E)< Ce® x|, (x EE);

2) J(O;B) iff ||x| < Ct8J(t; x; ), (x € NE).
1.5.2. ProroSITION. We have

(1) EE€K(O:E) {ff Ec(E\kE€D)g,x:

() E€ J(O;F) iff (E,|k€D)y,,, CE.

Now we can state the reiteration theorem.
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1.5.3. PROPOSITION. Given an admissible family E = (E, |k € D) and a
Samily of parameters (0, = (6} ,..., 0%,) | k = (k,,..., k;) €O), let us consider
a family of intermediate spaces such that F, € K(0;E)MJ(@;F). Thus,
f 0<0=(0,..0,)<1 and A=(,..4,) is defined by i =
(1—-6,)0,+ 6,9, j=1,2,.,d, we have

(1) (Fk|keD)@;Q:(Ek,kED)A;Q‘
1.6. The Interpolation Property
The interpolation property holds for the intermediate spaces

(Eyl k€ Dgyg-

1.6.1. ProposITION. Let E=(E,|k€0) and F=(F,|k€) be two
Samilies of admissible Banach spaces in V and W, respectively. If T is a
linear mapping from Xt into ZF such that

(1) T\E,:E,—~ F, kel
we have
(2) T:(E | k€D)g, o~ (Fil k€ED)g.p-

(Arrows will always denote bounded linear mappings.)

Remark. In view of the above result we shall hereafter call the space
(Ey| k€ 0)g.o an interpolation space.

2. THE SPACES OF SOBOLEV—NIKOL’SKil AND BESOV-NIKOL’SKII

2.1. The Sobolev—-Nikol'skii and the Besov—-Nikol'skii Spaces

We shall here recall the definition and some properties of some function
spaces introduced by Nikol’skii. (See, e.g., Nikol'skii [13], Lizorkin—
Nikol’skii [12], Amanov [1].)

Throughout this article we shall be dealing with locally summable
functions on R? The derivatives are always taken in the weak sense (see
Nikol’skii [14, pp. 141-151]). As before, the spaces L” = L*(R?) are the L”
spaces with mixed norms of Benedek and Panzone |2].

2.1.1. Let there be given a fixed multi-index M = (m,,..., m,) € N” and
1< P=(p s py) < 0. We define the Sobolev—Nikol’skii space W*” by

(1) WMP = MP(RYY = 1y € LP | D*u€ L, a < M}.

(Recall that a = (¢ ,..., ag) <M = (my ..., my) iff @, <m;, j=1..4d)
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The spaces W"¥ are complete under the norm

2) lllpnr =l p= 2 1Dl
asM

2.1.2. For a function f from R into R we define the mixed difference of
order M = (m,,..., m,;) € N* by

W = S e () s
:j::i jg} (=)™ =Tt oos (—1)ma—a < ”'1.] )
o (1) et i)

and the mixed moduli of continuity of order M = (m, ..., m;) € N by

@) OGN =t t3 /)= SR A
R

Besides the mixed difference 4% f and the mixed moduli of continuity
w,,(t; f) we shall deal with the partial differences A%°™ f and the partial
moduli of continuity w, (& f), k€. (Hereafter we set ko M=
(kymy s kymy).)

Now, the Besov—Nikol’skii spaces can be introduced.

2.1.3.  Let there be given § >0 and M € N such that

0<S=(sy50s8y) <M=(m,,...,m,)
and
1<P:(p1’~-" pd)e Q:(ql""’qd)< 0.

We define B39 = B3;%(R?) to be the space of all f € L”(R?) such that

(D) 7 ety (s g3 ) = 0 () €L

for all k= (k,,.... k;) € 0.
The spaces Bj;% are complete under the norm

) I lsgrg =3 27 i opg(ts g

kel

2.2. Interpolation of the Sobolev—Nikol'skii Spaces

We shall now give a characterization of the Besov—Nikol’skii spaces as
interpolation spaces among 2" Sobolev—Nikol’skii spaces. For the proofs see
Fernandez [6].

640/38/3-4
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22.1. IffEL? let us set
(1) Q)= 3 (min £*) 0,0 (t f).

kelO

2.2.2. ProPOSITION. Let K(t;f) be the interpolation functional
associated with the admissible family (W***'* | k € 00). Then

¢y K5 )= 2y (0™ f) = Qo 0™ e 175 S).

2.2.3. COROLLARY. If0 < S=(sy,.,85) <M=(m,,..m)and 1 <P=
(Pysees Pg)s Q= (qy 5 94) < 00, we shall have

(1) (WkaM’P|kED)S/M;Q;K=Bfi,%'

Now, for the reiteration theorem we need the following result.

2.2.4. LEMMA. If 0 < N =(n,,..., n,) < M = (m,,..., m,) the space W"-
belongs to both classes K(N/M; (W*"F|keQ)) and J(N/M,;
(W*MF | ke )).

As a consequence of this lemma we obtain the reiteration theorem.

2.2.5. THEOREM. If O<N=(n,,.,nj)<M—1=(m —1,...,m,;,—1)
and 0 < @ =(0,,..., 0,) <1, we have

(D W kED)gye= (WY [ k€ D)y, oyaro = B

2.2.6. Remark. As a consequence of the reiteration theorem we see, as in
the case of the usual Besov spaces (see Peetre [15]), that the
Besov—Nokol’skii spaces Bj;% do not depend on the parameter M. Thus, we
shall simply write BS°.

We close this section by stating the reduction theorem.

2.2.7. PROPOSITION. Let 0 < S<M and if 0 <f< 1 let N be such that
S=N+p and OKNEM — 1. If f € LP(R?) the following statements are
equivalent:

) rense=y;
) fewn? and  D*VfeBY¢=B%% all kel

3. A THEORY OF APPROXIMATION IN NORMED SPACES
We shall give here a theory of approximation in normed spaces. We shall

define two approximation spaces via some inequalities of Jackson and
Bernstein type.
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3.1. The Approximation Space E,, ,.x

3.1.1. Let E be a Banach space and let us consider a multiple scale
(W, | M € N?) of subspaces of E, i.e.,

(1) W, = {0},
2) Wy Wy it M <M

3.1.2. For every M € N9 and every x € E we introduce the best approx-
imation of x by elements of W,, by

(1) &%) = inf{|x — wll, | w € W,
It follows that

(2) &(x)=|1xlg

and

(3) Eylx) 2 &y(x) I M M.

3.1.3. DEFINITION. Let 0 <a=(a,,..q;)< o and 1< Q0 =(q,...4,)
< . We define E ., . to be the space of all x € E such that

1) X[l as0:x = lI(e® M &) mrenallreqney < o0
(Recall that a - M =a,m, + --- + a,;m,).
The spaces E,, ., are Banach spaces under the norms 3.1.3(1).

The following result follows at once.

3.1.4. PropOSITION. If xE€ E . .« we have

Ealx) <e M x|

aio03K

The inequality 3.1.4(1) is an inequality of Jackson type and this permits
us to call E,.,., an approximation space.
3.2. The Approximation Space E,, .,

As before, let E be a Banach space and (W,,| M € N9) a multiple scale of
subspaces of E.

3.2.1. DEFmNITION, Let 0 < a = (a,,.,a;) < 0o and 1<Q=
(15 94) < 0. We define E_ ., to be the space of all x € E for which there
is a sequence (W, )y ena» With w,, € W,,, such that

(1) x= Z Wy,

MeNd
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and
() €M [ warlleduera € IP(NY).
The spaces E,,.,,, are Banach spaces under the norm

(3) “x”a;Q:.l = inf{[[(e*™ || WM“E)NENdHIQUNd) | X =2, Wy}

3.2.2. PROPOSITION. For all x € W,, we have

(1) “x“a;Q:J < ea-M ”x“b

Proof. It is enough to observe that x =X, . w,,., with w,,, =0if M' # M
and w,, =x if M’ =M, is decomposition of x as in 3.2.1(1),

The inequality 3.2.2(1) is an inequality of Bernstern type and, as before,
this permit us to call E,.,., an approximation space.

3.3. The Embedding E,.,.x < E, ..,

We give a first connection between the spaces E,.,.x and E ;..

3.3.1. ProPOSITION. For all x EE, .. we have

(1) “x“a:Q:J < 2d ”X”a:Q:K'
Moreover,
(2) Ea:Q;K CEa;Q:J'

Proof. Let x€E,,x and €> 0. Then, for all M &MN" there is a
wy, € W, such that

[[% = wille < (1 + &) &,(x).

Now, let us set
wy =4, wy, if M+#0
=0 if M=0

(here 4,w,, stands for the multiple difference of increment k = (k,...., k;),
where & € O is chosen so that M=k o M = (k,m,..., kymy)).
We have w,, € W,, and since w;, — x, as |M| - oo, it follows that

3) 3 wy= lim wp=x

Mend |M| o0
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On the other hand, we have

4) I walle < \: Iwi— o — xlle < : (1 +&) & _i(x)

k'<k k'<k

<27y, i (x).
Hence, from 3.3.1(3) and 3.3.1(4) we obtain
”x“a:Q;J < 2n+l ”xHa:Q:K’

as desired.

Under some additional hypotheses the inclusion of E, , x in E, ., can be
reversed. But to do that we shall need some connections between approx-
imation spaces and interpolation spaces.

3.4. Approximation Spaces and Interpolation Spaces

As before, let £ be a Banach space and (W,,| M € N") a multiple scale of
subspaces of E.

3.4.1. DeFINITION.  Let F be a subspace of E such that U,, W, , c F. We
shall say that

(1) Fe K(a) it &,(x)<Ce > M|x|,, xEF;
(2) FeJ(a) iff fx[l, < Ce*Mlx]p, x€W,.

We shall need the following characterizations of the classes K(a) and J(a).

3.4.2. PROPOSITION. Let F be a subspace of E such that \),,W, CF.
Then

(1) F € K(a) iff FcE, .k

@) FENQ)  iff EnuycF:

and

3) FeK(a)NJ(a) iff E,, ,CFcF_ ..

Proof. The equivalence 3.4.2(1) follows readily from 3.4.1(1).
Now, if x = X, w,,, with w,, € W,,, we have

[l < ZapllWullr < Zxe® Ml wylles

from 3.4.1(2). Therefore E .., = F. The converse is immediate.
Now, we are ready to state the connections between interpolation spaces
and approximation spaces.
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3.4.3. PROPOSITION. Let there be given 0<a,=(ay,...ad), a,=
(aj,..af)<oo and 0<@=(6,,.,0,) <1. Consider the associated
sequence (@, = (@g s afy) | k= (k\ s k) €EO), and set a=(a,..,a,),
where ;= (1 —60,)a} + 6;a], j=1,2,..,d. Let (F,|k€ D) be a family of
approximation subspaces of E with respect to the multiple scale
(W), | M = N?). Then,

(1) (Fl k € Dosgun © Enigun

if F, € K(a,), k €00;

@) Epig © (Fy 1K€ D)gygy
ifF,elJ(a,), keD; and

®3) Eqgu=(Fi| kEDg o= Equpux
if F, € K(a,) NJ(a,), k€D

Proof. Let x€ (F,|k€Q)g,p.x and x =X, x, with x, € F,, k€ [. Since
F, € K(a,), k€0, it follows that

() < }_: Eplx) < 2: Cre ok “xk”Fk
ked ke

R N EA
keO

Now, taking the infimum over all the decompositions X, x,, it follows that
& (x) L Ce 2o MK (g™ (@i a0 oM, ),

But a; —a} = (1 —6))aj + 0,a] — af = 0(a] — a}), j= 1, 2,..., d, and thus

4) e M& (x) L Cellarm e M8 gp—la=ag oM, )

If we take the /2(N“) norm on both sides, a standard argument yields the
embedding 3.4.3(1).

Let xEE,.,., and consider a decomposition x = X, w,,, with w,, € W,
and M € N9 Then, setting Uy, = w_,, when M <0 and u,, =0 elsewhere, we
have

Since F, € J(a,), kK €0, we have

Je ™10 M uy) = max et M w_y [, < Ce M |jw_y |l
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Hence
e Uar—apom-@ J(e(arao) M) < Ce @M 1w gl

If we take the /2-norm, embedding 3.4.3(2) follows.

Finally, identities 3.4.3(3) follows at once from 3.3.1(2), 3.4.3(1), 3.4.3(2)
and the identity between the K- and J-interpolation spaces. This completes
the proof.

4. APPROXIMATION BY ENTIRE FUNCTIONS OF EXPONENTIAL TYPE

We shall now apply the d-parametric approximation theory of Section 3 to
establish direct and converse approximation theorems by entire functions of
exponential type in functions spaces with a dominant mixed derivative. In
this way, we shall obtain some results by Nikol’skil (see for instance
Nikol’skii [13]) as consequences of the abstract approximation theory.

4.1. The Multiple Scale of Entire Functions of Exponential Type

4.1.1. Let there be given a vector R =(r,,.,r,) >0 with integral
components. We shall consider entire functions of exponential type <R =
(710 rg)s 1.e., entire functions such that for each given ¢ > 0 there exists an
M(e) > O for which we have

d ;
}_ (r;+€)|z]

Jj=1

| §(Z)] < M(e) exp
for all Z = (z,,...,z,) € C“.

4.1.2. We take E to be L* =L"(RY), 1 <P=(p,, p,) < 0, the L*
space with mixed norm of Benedek and Panzone [2].

The subspace W), will be defined as the space of all functions in L? that
are entire of exponential type <M o R = (m, r,,..., m,r,), and will be denoted
by I"°®*. Thus, by /€ I"°®* we shall mean that the Fourier transform f
vanishes outside the set |¢;| <e™", j=1,2,..,d.

We see that (IM°®7 | M € N?) is a multiple scale of subspaces of L”.

4.2. Characterization of the Approximation Space |L* Ja.0

Let (I¥°%" | N € N9) be the multiple scale introduced in 4.1.

4.2.1. PROPOSITION. The space WY-P(RY) is of class J(a), where
a=(a ., tg) = (M, Fy,.., myr,), ie.,

(1) N e < Ce¥ || £
Sor all f € IN°*P(RY),
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Proof. To prove that W™* is of class J(a) it is evidently enough to
verify the inequalities

ID M1l < Ce M i fll,  (KED)

for all £ € I"°** These inequalities are immediate consequences of

1D ¥ fllp < C SN

where f is of exponential type <1 = (l,..., 1). Indeed, if f € I"°**, then the
function

gx)=fle """ o x)

is of exponential type <1 = (l,..., 1). Inserting this function in (3) we easily
get (2).

To prove (3), let £ € I'**, so that the Fourier transform f has support in
{l41< 1, j=1,2....,d}. Now, if y € CZ(R?) equals 1 in a neighborhood of
the set {|t, < 1, j=1,2,..,d}, we have

F=uf=5
where A denotes the inverse Fourier transform of 4. Hence,
f=0x),
and consequently
DHMf = DR M« [) = (DF¥ )+ f.
Since D*°Myj € S(R?), Young’s inequality yields
D M f e S ND Ml 1] Sl

Finally, since  is taken independently of f, if we put C=
max {|| D*™j||,.| k € O} the inequality 3.1(3) follows.

4.2.2. PROPOSITION. The space W**(R?) is of class K(a; L") where a =
(@psees Og) = (M7, myTy), deny

(1) E) K Ce™ | fll
Jor all f € W™P(RY),

Proof. To prove 4.2.2(1) it is enough to show that given £ € W*"*, there
exists w € I"°®* such that

(2) I/ = wle < Ce ™[] fllwsns
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which obviously is a consequence of
Lf = wlp» < Ce ™ I DYf Y0,
which in turn is a consequence of

IS = wlee < CUDYS e

where now w e IV".
To prove 4.2.2(1) let p be a C.(R“)-function that vanishes outside of the
set |£,] < 1 and equals 1 in |¢;] < 1/2, j= 1, 2,..., d. Define w by the formula

W= pf.
Hence

J(O) —w(0)= {1 = p(O)} F(1) = {1 = p) i)™ f(e),
and putting @(¢) = {1 — #(¢)}(it) "™ we shall have
f—w=yxD"f
Finally, since w € L' and D"/ € L?, Young’s inequality yields
1/ = wllee <l llp DY S]]

Since y is fixed independently of f, we take C = ||y|,, and 4.2.1(4) follows.
We are now ready to characterize the approximation space [L”], ,.

4.2.3. PROPOSITION. Let us consider the multiple scale (I"°* | N € N9),
Fix M=(m,..m) ENY and 0<O=(0,,..,0,)< 1, and define a,=
(Cg,oees @) by af, = (m;+k)r;, j=1,2,..d, and k= (k,,.... k) € 0. Now,
if a=(a,..a,) is given by o,=(1—6)aj+0,a{, j=12...d and
1<0=1(q,,..,q,) < 00, we have

(1) L"), 0= BY 00

Proof. Since a, = (M + k) o R, for all k € [J, we have

WM e K(a,) M J(ay).
Hence
(WN+k‘p | k 6 D)@;Q = [LPIO.Q'

On the other hand, by 2.2.5(1) we have

(WM +k.P

k€ D)o =B} "7
as desired.
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4.2.4, Remark. Another characterization of the spaces [L”], , is given
in Fernandez [7]. Let (¢, )y be a system of test functions (see [7] or [17] for
the definition), § = (5,50, §5) E R, 1K P = (P yes Pp)s Q= (q110e0s q,) < 0.
We set

By =By (R")={f € S'(R")[ (@ * [Iyenn € I°(L7)}.

It is shown in [7] that these spaces B}” and the spaces B, considered in
this article coincide when S =(s,,..,s,)> 0. On the other hand, this
definition of the spaces By should be compared with the iterative definition
given by Sparr [17, p. 300]. Although we have no counterexample it seems
that our spaces do not coincide with Sparr’ spaces. This may give rise to the
question as to whether the approximation spaces studied here may be
obtained in an iterative way. As the spaces ng do not seem to be iterative
the same ought to be true for the abstract approximation spaces. This and
other related matters will be treated in a forthcoming paper [8], now in
preparation.

4.3. Direct and Converse Approximation Theorems

As a consequence of the foregoing results we shall state direct and
converse approximation theorems of Jackson and Bernstein type.

4.3.1. PrRoPOSITION (Theorem of Jackson type). If f € B3¢ then
(1) Ef)=0@E")
Jor all N € N4

Proof. Fix N=(n,,..,n,), and choose M= (m,,.,m,) and 0 < @=
(6,5..,6,) such that O NKM—1and S=N+ 0. If we take R=(1,..., 1)
in Proposition 4.2.3, it follows that

[LP]S,Q = Bg'Q-
Finally, by the inequality of Jackson type 3.1.4(1) it follows that
E)<e™ 5 | fllagar

and hence the desired result.

4.3.2. ProPOSITION (Theorem of Bernstein type). Let f € L*(R?) such
that

(1) AU = 0
Then

2) fEBY™.
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Proof. Let M= (m,,..,m,;) and 0 < @ = (4,,..,0,) <1 be chosen such
that S =M + @. Then 4.3.2(1) implies that

[LP]S,OO = (WM+k,P | k € D)e:oo’

and thus 4.3.2(1) yields 4.3.2(2) at once.
The next two propositions generalize the preceding results.

4.3.3. PROPOSITION. Let fE€B3? and S=(s,,..8;)> 1. Then, if
S=M+awith0<a=(a,,.,ay) <1, it follows that, for all k €O,

(1) ENDY ) =0 ").

Proof. By the reduction theorem the hypothesis /€ B5¢ implies that
f € W"* and, for all k € O, there holds

DM~kf e B,

On the other hand, B3? = [L”], ,, and so by the inequality of Jackson
type 3.1.4(1) it follows that

EDYTH) < Ce™ o | f | gy

This proves our contention.

4.3.4. PROPOSITION. Let f € L”, and if S = (s,,..., ;) > | suppose that

(1) () =0@").

Then, if S=M +a with M= (m,,...,my) EN? and 0 < a = (a, .., ;) < I,
we have

(2) fE W’VI.P,
and, for all k € 0,
(3) DY *fe B>,

Proof. From 4.3.4(1) we see that f € [L*|s . = B3*®. The result follows
at once from the reduction theorem.

5. ON THE REPRESENTATION BY ENTIRE FUNCTIONS
OF EXPONENTIAL TYPE

We close this article by showing that a theorem by Nikol’skii on the
representation of functions in B3¢ by sums of series of entire functions of
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exponential type (see Nikol’skii [13] and Amanov |1]) is also a consequence
of our J-approximation theory.

To avoid notational complications we shall restrict ourselves to the case

d=2. Also, we shall consider the double scale {I""|m, n >0}, ie., the
multiple scale described in 4.1.1 in the case d =2 and with R = (1, 1).

5.0.1. PROPOSITION. If f € B39, then there exists a double sequence

Wondmso.n>0 With w,, € W, . such that

(1

© %o

11.

12.

) S= Win (in BIS’Q)

s
[ s

<

B}
"
1=

Proof. This follows immediately from the fact that B3¢ = [L?]S, ...
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